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REPRESENTATIONS OF Aut(Al)-INVARIANT MEASURES: 

PART 1 

NATHANAEL ACKERMAN 

Abstract. In this paper we generalize the Aldous-Hoover-Kallenberg the¬ 
orem concerning representations of distributions of exchangeable arrays via 
collections of measurable maps. We give criteria when such a representa¬ 
tion theorem exists for arrays which need only be preserved by a closed 
subgroup of ©N- Specifically, for a countable structure A4 we introduce the 
notion of an Aut(A4)-recipe, which is an Aut(A4)-invariant array obtained 
via a collection of measurable functions indexed by the Aut(AI)-orbits in 
A4. We further introduce the notion of a free structure and then show that 
if A4 is free then every Aut(AI)-invariant measure on an Aut(AI)-space is 
the distribution of an Aut(A4)-recipe. We also show that if a measure is the 
distribution of an Aut(AI)-recipe it must be the restriction of a measure 
on a free structure. 
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1. Introduction 


For a standard Borel space S, a sequence of S'-valued random variables 
is said to be exchangeable if its distribution is unchanged by permu¬ 
tations of N, i.e. if for all a G 

(^n)nGN (^cr(n))n€N' 

A natural class of exchangeable sequences are those of the which are of the 
form (/(C0; Cn))nGN where /: [0,1]^ —)■ S' is any measurable function and 
{C0} U {CnjneN is a collection of uniform identically distributed and indepen¬ 
dent (i.i.d.) [0, l]-valued random variables. An important result of de Finetti, 
Hewett and Savage is that all exchangeable sequences have a distribution which 
is of this form. This result is what is known as de Finetti’s theorem. 

Let be the collection of injective functions from a natural number 

into N and let ip(-) be the powerset operation. For a standard Borel space 
S, an array of S'-valued random variables is said to be (jointly) 

exchangeable if its distribution is unchanged under permutations of N, i.e. if 
for all a G ©n 

(^a)aGN[<“l ~ (^cr(a))aGN[<“l • 

For n G N let /„: [0,1]T("-) S and let (Ca)ae'p<i^(N) be a collection of uniform 
i.i.d. [0, l]-valued random variables. For a G let Ca = (Cfe)feGsp(a)- ^ 

natural class of exchangeable arrays are those of the form (/|a|(Ca))aeN[<“i- 
important result of Aldous, Hoover and Kallenberg is that every exchangeable 
array is equivalent in distribution to one of the above form. This can be seen 
as a higher dimensional version of de Finetti’s theorem, and is what is known 
as the Aldous-Floover-Kallenberg theorem. 

Note that in the case of de Finetti’s theorem as well as the Aldous-Hoover- 
Kallenberg theorem, we only pinned down the random sequences or arrays 
up to having equal distribution. It therefore makes sense to instead consider 
the measure associated with such a distribution. We call such a measure ©m- 


invariant as it is preserved by all elements of ©f^. 

In this paper we will be interested in the distribution of arrays which, instead 
of being preserved under all elements of ©f^, only need to be preserved under 
elements of a closed subgroup of ©n. It is well know that every closed subgroup 
of ©N is the automorphism group of a countable structure with underlying 
set N. Now if M. is such a structure there is a natural collection of arrays 
whose distribution is preserved under all elements of Ant (Ad). Specihcally 
for a G Ad let Pa be the orbit of a under Aut(Ad) and let fp^: [0, 1 ]TW S 
be a measurable function. It is easy to see that the array (/psr(Ca))aeNi<“i is 
Ant (Ad )-invariant. 
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We are interested in identifying when an Aut(Wl)-invariant measure is the 
distribution of an array of the above form. In particular we will show that to 
every structure M there is an extension to a free structure such that 

any Aut(Wl)-invariant measure is the distribution of such array if and only if 
it has an extension to an Aut(5(Ad))-invariant measure (in a sense we we will 
make precise). 

1.1. Notation. For n G N we use n to denote both the natural number as 
well as the von Neumann ordinal {0,..., n — 1}. We will use to denote 
the collection of hnite sequences of distinct natural numbers. 

We let ^(W) denote the collection of all subsets of X. For n < u and []]€{= 
, <, <} we let be the collection of subsets of X which have cardinality 

□n. For k = (/cq, ..., kd-i) G and / = {A, • • • Am} G with A < 

■ ■ ■ < we let kol = {ki^, ...,ki^}. Similarly for K = {ko,kd-i} G fPd(hl) 
with ko < ■■■ < kd-i and / = {A,---Am} £ with ii < ■ ■ ■ < im 

we let iF o / = ...,/cj^}. If (i?Aae^<;^(N) is an indexed collection of 

objects and b G we let := (-E^o/)/G'p(|b|) if i? G we let 

Eb '■= (-^Bo7)/efp(|b|)- 

If = is an equivalence relation on a set X and a; G X let [a;]= := {y G 
X ■. X = y}, i.e. [a;]= is the =-equivalence class of x. If A,B are sets we let 
AAB be the symmetric difference of A and B, i.e. AAB = A \ B U B \ A. 

All languages will be countable and relational. Note by a standard interpre¬ 
tation of functions by their graphs, restricting to relational languages yields no 
loss of generality. Further L and its variants will always represent languages. 
If is a relation we let ar(i?) be its arity. Let be the sub-language of L 
consisting of those relations of arity exactly n and L-” be the sublanguage 
of L consisting of those relations of arity at most n. We let £a;,a;(L) be the 
collection of first order formulas in the language L and we let be the 

collection of inhnitary formulas in the language L. Unless otherwise stated all 
formulas will be in for some language L. For a formula 99 , and i G N, 

we let Xip stand for -199 if i is odd and 99 if i is even. 

M. and its variants will always be structures for some language and we will 
use M. for both the structure and the underlying set when no confusion can 
arise. We will use to denote the language of M.. When a is a tuple of 
elements from M. we will abuse notation and write a G Ad to denote a G 

Suppose X = {xi)i^ri where n < u. We dehne a function 7 ^: [0,1] —)■ a; as 
follows. First 7x(l) := Xq. li n < u and y G [0, 1) then 75 -(|/) := Xi if and 
only if 1 / G [^, ^). If n = a; and y G [0,1) then 7 s-(|/) := Xi if and only if 
yG [l- 2 -bl- 2 -(*+i)). 

If T = (Ci)iG/ is a collection of [0, l]-valued random variables we say T 
is a U[0, l]-array if (Cj)iG/ consists of i.i.d. random variables with uniform 
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distribution. We let A be the Lebesgue measure. For random variables X, Y 
taking values in the same space we lei X = Y denote the fact that X and Y 
have the same distribution. We will use “a. s.” to denote the phrase “almost 
surely”. If S' is a Borel space we let Pi (S') be the collection of probability 
measures on S'. All measures in this paper will be probability measures and 
all spaces will be standard Borel spaces. 

We denote by &x the collection of permutations of X. We will consider 
as a Polish group with the subspace topology inherited from If M. is an 
L-structure we denote by Ant (Ad) the collection of automorphisms of Ad. 

For any notions of probability theory not explicitly covered here we refer 
the reader to [Kal02]. For any notions of model theory not covered here we 
refer the reader to [Bar75]. For any notions of descriptive set theory we refer 
the reader to [Kec95] or [BK96]. 

2. Background 

In this section we recall some important facts and results which will be used 
later. 

2.1. Polish Group Actions. Suppose G is a closed subgroup of ©m- For 
a, 6 G let a ~g b if there is a g G G such that a = g(b). It is immediate 

that is an equivalence relation on in which ~G-equivalent tuples have 
the same length. 

Let Lg := {-R[a]..Q(ai)}aeN[<“i where = |a|. We call Lg the canon¬ 

ical language of G. Now let AdG be the LG-structure with underlying set 
N such that AdG |= RA(b) if and only if 6 G A. We call AdG the canonical 
strnctnre of G. The following two lemmas are then immediate. 

Lemma 2.1 ([BK96] Sec. 1.5). If G is any closed subgroup o /©n then 

• G = Aut(AdG). 

• AdG is the canonical structure o/Aut(AdG)- 

• AdG is ultrahomogeneous, i.e. any isomorphism between finite struc¬ 
tures extends to an automorphism. 

Lemma 2.2. If Ai is a structure with underlying set M then Aut(Ad) is a 
closed subgroup of&fq. 

In particular for the purposes of studying closed subgroups of ©n it suf- 
hces to restrict our attention to groups of the form Ant (Ad) where Ad is the 
Aut(Ad)-canonical structure. This is signihcant because there is a concrete 
representation of actions of G for G a closed subgroup of ©p^ in terms of its 
canonical structure. 

Definition 2.3. Suppose G is a Polish group. A G-space is a pair (oj(^,X) 
where 
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• X is a Borel space. 

• o:GxX—j-Xisa Borel map. 

A function i : (oj^, X) (oy, Y) is a map of G-spaces if it is a Borel function 
such that (V^f G G)(Va: G X) i{ox{g,x)) = OY{g,i{x)). 

If (oy',X) is a G-space then we extend the action of G to subsets of X 
where, for A C X and g E G, gA := {ox{g, a): a E A}. 

Definition 2.4. Suppose Ai is an L_A 4 -structure with underlying set M and 
suppose L is a countable language disjoint from Lm- We dehne Y^l(A4) to be 
the collection of U L structure with underlying set N such that whenever 
J\f G Y^l(M) then AA|l^ = M. 

For each k E N (possibly 0), (f(xo ,..., Xk-i) G £aji,tj(LxUL) and no, ■ ■ ■, Uk-i E 
N dehne 

l(p{no, ..., := {M E ^l(A4) : W h ^{^o, 

We give ^l(XI) the topology generated by the clopen subbasis 
{ lR{no, nk-i)jxi : ^ e L, ar(/2) = k,no,..., Uk-i G N} 

When Xl 0 is the unique structure in the empty language we will denote 
-^l(X 10 ) by In this case observe that Aut(Xl 0 ) = 

Now for any A4, there is a natural action of Aut(Xl) on A^l(A4). 

Definition 2.5. Suppose XI is a L^vf-structure with underlying set N and L is 
a language disjoint from L_a/(. We dehne the action : Aut(Xl) x A^l(XI) —t 
where, for g E Aut(Xl), Af E A^l(A 4), ^^[{g,^) is the structure gM 
such for all i? G L of arity k and no, ..., nfc_i G N 

gM [= R{no ,..., nfc-i) if and only ii Af \= R{g~^{no),g~^{nk_i)) 

It is immediate that (o^^, A^l(XI)) is a Polish Aut(Xl)-space. 

Lemma 2.6. Suppose Ai is a IjM-structure with underlying set M and L is 
a language disjoint from Further suppose L has relations of unbounded 
arity. Then {oj^^S^-^i^Ai)) is a universal Aut{Ai)-space, i.e. an Aut(Xl)- 
space which contains an isomorphic copy of every other Aut(XI)-space as a 
subspace. 

Proof. [BK96] Thm. 2.7.4. □ 

In particular Lemma 2.1 and Lemma 2.6 tell us that if G is a closed subgroup 
of ©N then the study of G-invariant measures on G-spaces is equivalent to the 
study of Aut(Xl)-invariant measures on X'l(XI). This is signihcant as it 
allows us to translate the problem from the realm of descriptive set theory to 
the realm of model theory and hence to use all the tools of model theory which 
are available to us. 


Aut(7M)-INVARIANT MEASURES 6 

Definition 2.7. We say A C A^i^(A4) is Aut(Ai)-invariant if for all g G 
Aut(Ai), gA = A. 

It is immediate that if r G then |t]_^ is an Aut(Ai)-invariant 

Borel subset of J^l(A4) and hence |t]_^ inherits the structure of an Aut(Ai)- 
space. 

Definition 2.8. We say a sentence T G UL) is Aut(Ai)-nniversal 

if is a universal Aut(Ai)-space. 

We will often want to assume our models satisfy some basic syntactic prop¬ 
erties, e.g. non-redundancy of relations, quantiher elimination for a fragment, 
etc. and provided we can hnd a universal theory whose models are exactly 
those with the desired syntactic properties there assuming our structures sat¬ 
isfy those properties results in no loss in generality. We will come back to this 
in Section 2.3. 

2.2. Infinitary Logic. In this section we recall some basic facts and dehni- 
tions from inhnitary logic. In particular it will be important in what follows 
to pin down various notions of quantiher free type. First we recall some basic 
properties of structures. 

Lemma 2.9 ([Bar75] Ch. VII.6). Suppose A4 is a countable hj^-structure. 
Then there is a sentence om ^ such that for each a countable L^- 

structure Af 

Af \= ajii if o,nd only if AA = Af. 

We will often want to focus on structures AA which are, in some sense, far 
from being rigid (and hence will have a large automorphism group). One way 
to express this is by saying the structure has trivial dehnable closure. 

Definition 2.10. For a G Ad we say the definable closnre of a is the set 
dcl(a) := {6 G Ad : (Vf? G Aut(Ad)) g{a) = a —)■ g{b) = b}. 

We say Ad has trivial definable closure, or trivial del, if 

(Va G Ad) del (a) = a. 

Definition 2.11. A fragment is a subset of A C £oo ^(L) which is closed 
under 

• Sub-formulas 

• A,V,- 

• (3a;), (Vx). 

Definition 2.12. We say a sentence T G ^^(L) has quantifier elimina¬ 
tion over a fragment A if for all ip{x) & A there is a relation Rip{x) G L such 
that T 1= {yx)ip(x) GA R^(x). 
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We now introduce some important notions involving quantifier free types. 


Definition 2.13. A partial qnantifier free L-type on (xq, ..., is a 
collection of formula, q, such that whenever G g we have 

• {XiQ, ■ ■ ■ , C • • • ) Xn—l}, 

• 7] is either an atomic formula or the negation of an atomic formula, 

• for aAl 0 < i < j < k, Xi ^ Xj G q, 

• There is an L-structure Ai and a tuple (oq, ..., On-i) ^ Ai such that 

1= G q}. 

We say a partial quantiher free type is a quantifier free type if it is 
maximal under inclusion. 

For Ai an L_v(-structure and a G Ad we say a realizes a quantiher free type 
p{x) if Ad 1= A» 7 (x)Gp(x) d(®)- We denote the collection of quantiher free types 
realized by elements of Ad by qtp(Ad). 

Throughout this paper we will be interested in constructing random struc¬ 
tures in stages, hrst determining the structure of all singletons, then determin¬ 
ing, based on the structure of the singletons, the structure of the pairs, etc. 
When doing this it is important that the complete structure of all n-tuples 
is determined before we determine the structure of the (n -|- l)-tuples. For 
this reason we will want to restrict our attention to the case where any n-ary 
relation which holds must have distinct elements (as otherwise it would be 
about a /c-tuple of distinct elements for some k < n and not about an n-tuple 
of distinct elements). To this end we dehne an important class of quantiher 
free types. 

Definition 2.14. Suppose rj^xo,... ,Xk-i) G is an atomic formula. 

We say f]{xo,... ,Xk-i) is non-redundant if for all 0 < i < j < /c we have 
Xi 7 ^ Xj. We say a partial quantiher free type is non-redundant if every 
atomic formula in it, except perhaps those of the form Xi = Xi, are non- 
redundant. 

For X = (xo,..., Xn-i) distinct elements let ntpL(a;) be the collection of non- 
redundant quantiher free types on a; in L. We will omit L when it is clear from 
context. 

Note ntpL(a;) has a natural topology generated by clopen sets of the from 
{q\ G g} where i? G L and I G {0,1}. This topology makes 

ntpL(a;) homeomorphic to Cantor space. 

Definition 2.15. We say a theory T G £cji,a;(L) has non-redundant quan¬ 
tifier free types if for any relation i? G L of arity k, 

R{xo, ..., Xk-i) -t /\ Xj 

0<i<j<k 



T ^ (Vxo,.. 
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We say a structure M is non-redundant if has non-redundant quan¬ 
tifier free types. 

In particular if T has non-redundant quantiher free types, then every quan- 
tiher free type realized in a model of T is non-redundant. 

Example 2.16. Suppose is a canonical structure. Then has non-redundant 
quantiher free types. 

Another important class of partial quantiher free types are those where the 
ordering of the variables in the formulas is consistent. 

Definition 2.17. We say a partial quantiher free type q on distinct elements 
(xo,..., Xn-i) is ordered if whenever rj^Xig ,..., J G q and 0 < j~ < < 

k we have ij- < ij+. 

We dehne an ordered quantifier free type to be a maximal ordered 
partial quantiher free type under inclusion (among the collection of ordered 
quantiher free types on the same variables). 

For X = {xo,... ,Xn-i) let otpL(T) be the collection of ordered quantiher 
free types in L on x. Note otpL(T) has a natural topology generated by clopen 
sets of the from {q: ...,a:q_J G q} where i? G L, £ G {0,1} and 

0 < zq < ..., < ij-i < n. This topology makes otpL(x) homeomorphic to 
Cantor space. 

Note that an ordered quantiher free type is not itself a quantiher free type 
as we can hnd an extension which doesn’t preserve the order of variables. 

The relationship between non-redundant and ordered quantiher free types 
is the following straightforward lemma. 

Lemma 2.18. For any q G ntpL(x) there is a unique collection such 

that 

• Pr^ otpL(r(x)), 

• ? = Uree^Pr- 

The Aldous-Hoover-Kallenberg theorem gives representation of ©n- invariant, 
S'-valued arrays. In the process of studying the distribution of Aut(Al)- 
invariant arrays we want to move away from the situation where the arrays 
are S'-valued to the situation where we are looking at distributions on ^l(M) 
which take values in non-redundant structures (when Ad is a canonical struc¬ 
ture). 

In order to do this we will want to consider arrays (/p)pGqtp(Ai) where fp, 
instead of taking values in S', takes values in otpL(x) where |x| = ar(p) (which 
is itself a Borel space). In this way we will be able to use Lemma 2.18 to 
recover the (non-redundant) quantiher free type of a tuple (uq, ..., nk_i) from 
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the values of {fp^(x))r£&f, when Ai \= Pr{T{no),... ,r(nfc_i)). We will then be 
able to recover an element of from (/p(ir))pgqtp(A^)- 

We will end this section recalling the notion of deduction in £cji,uj(L) (see 
for example [Bar75] Sec. III.4). This will be important when discussing the 
theory of an ergodic invariant measure. 

Definition 2.19. We say p G £aji,tj(L) is a tantology if for all L-structures 
M, we have M. \= ip. 

Suppose T C ^(L) is a collection of sentences. We dehne the deductive 
closure of T, dc(T), to be the smallest subset of such that 

• T C dc(T). 

• (Tautologies) dc(T) contains all tautologies. 

• (Modus Ponens) If G dc(T) and (93 —>• -0) £ clc(T) then xfj G dc(T). 

• (Generalization) If (Vu)((p i^{v)) G T and v is not free in (p, then 

{ip (Vu)V'(G)) G T. 

• (Conjunction) If /\ $ G and for all G <h, ("0 —>■ 93 ) G dc(T) 

then (-0 —)■ /\ <h) G T. 

We say T is consistent if dc(T) 7 ^ £^^^^(L). 

Note while it is the case that if T is countable and consistent it must have 
a model, this is not in general the case for uncountable T. 

2.3. Definable Expansions. In this section we review the notion of a de- 
hnable expansion and show how they can be used to hnd Aut(Al)-universal 
sentences with desired properties. 

Definition 2.20. Suppose Lq C Li, Tq G and Ti G £a;i,a;(Li). We 

say that Ti is a definable expansion of Tq if 

• Every Lo-structure M.q satisfying Tq has a unique expansion to an Li- 
structure M.i satisfying Ti. 

• Ti h Tq. 

• For every formula p G /lwi,w(Li) there is a formula Pq G /lwi,a;(Lo) such 
that 

Ti ^ (Vx) p{x) GA Pq{x). 

So Ti is a dehnable expansion of Tq if all models of Ti are also models of Tq, 
the restriction relation is a bijection, and further every formula in Coj^^u){hi) is 
equivalent (over Ti) to one in £a;i,w(Lo). The following lemma is then straight¬ 
forward. 

Lemma 2.21. Suppose 

• Lq C Li, 

• Tq G £t^^^tj(Lo) and Ti G 

• ^0 H 
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• Ti is a definable expansion o/Tq. 

Then for any T* G |To AT*]_^ is isomorphic to |Ti AT*]_^ as 

-spaces. 

Lemma 2.21 tells us that if Ti is a definable expansion of Tq then when con¬ 
sidered as Aut(Al)-spaces, |To]_yy^ is isomorphic to We will in particular 

be interested in when two theories have a common dehnable expansion. 

Definition 2.22. Suppose Lq fl Li = 0. We say theories Tq G £a;i,a;(Li) and 
Ti G are interdefinable when there is a language L 2 ^ Lq ULi and 

a theory T 2 which is a dehnable expansion of both Tq and Ti. 

So two theories are interdehnable when it is possible to dehne each from the 
other (possibly in some larger language). 

Example 2.23. Suppose M. is an L-structure and Aican is the Aut(Al)-canonical 
structure. Then aM and <JMcan are interdehnable. 

Another important class of examples of interdehnable structures are those 
obtained by simply relabeling the relations. 

Definition 2.24. A relabeling of a language Lq by Li is a bijection A Lq —)■ 
Li such that for any relation i? G Lq, ar(i?) = ax{i{R)). Note any relabeling 
extends to a bijection i \ t 

Example 2.25. If A Lq —)■ Li is a relabeling then the empty language in Lq is 
interdehnable with the empty language in Li. 


There is an important example of a theory which is interdehnable with the 
empty theory in a language. 

For a language L let 

^ := /\ (Vxo,... ,a;fc_i) I ... ,a;fc_i) ^ j\ Xi^Xj 

RgL \ f)<i<j<k 

ddc{R)=k 

For a language L let L„^ := {Rp = : P G L, of arity n, = is an equivalence 
relation on n with ar(Pp=) many equivalence class} (here nr stands for “non- 
redundant”). 

Let TLl’^ be the conjunction of all sentences of the form 



(Vxo, . . .,Xn-l) Rp = {XiQ, . . .,Xi^_^) GA 


P{Xo, . . . ,Xn-l) A /\ Xi. ^ 


X. 




o<j<e<k 


A f\ Xj = Xi A f\ Xj 7 ^ 


xe 


0<j<l<n 

j=^ 


0<j<l<n 

Rj=^) 


The following proposition is immediate from the dehnitions of and Th}^^. 
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Proposition 2.26. If L is a language then 

(a) OJ ■ |Lnr| = CJ ■ |L| . 

(b) r/iLnt A is a definable expansion of the empty theory in L and 
in Lnr. 

(c) has non-redundant guantifier free types. 

Proposition 2.26 (b) says that is interdefinable with the empty theory 
in L. And, as L has nnbounded arity if and only if does, is Ant(Ad)- 
nniversal precisely when is a nniversal Ant(Ad)-space. We will prefer 

in most circnmstances to work with rather than with and as 

snch we dehne ^KM) := 

We now give a dehnable expansion which will gives us quantiher elimination 
over a fragment. 

Given a countable fragment A we let ■= {Ry,(x}(A) ■ £ A}. 

We now dehne the sentence Th^® G to be the conjunction of the 

following: 

• If ifific) = then o -^R^(x){x). 

• If = Aie/V’i(^) then {V^R^(x){'x) GA Kiai ■ 

• If Lpfx) = \J then {yx)R^(x){x) AA Vig/ 

• If ipfx) = (3?/)A(t,i/) then (yx)R^(x){x) AA {3y)R^(ji^yfix,y). 

• If (p(^) = (yy)'4){x,y) then (V^)i?^( 5 ;)(x) AA {Wy)R^(x,y){x,y). 

Let Th^ := ApgL(^^)^(^) ^ Rp[x){x). 

We call Th'^fi A Th^ the Morleyization of A. 

The following is immediate. 

Proposition 2.27. If L is a language and A is a countable fragment of 
then 

(a) |La| = u. 

(b) ThA A Th\ is a definable expansion of the empty theory in L and ThA 
in La- Hence ThA is interdefinable with the empty theory in L, and if 
L has unbounded arity ThA is A\it{M.)-universal. 

(c) ThA A Tlij^ has guantifier elimination for formulas in A. 

It is worth noting that in general Th^ will not have non-redundant quantiher 
free types. However, if we wish to obtain a universal Ant (At)-theory which 
both admits elimination of quantihers for A and has non-redundant quantiher 
free types, we can hrst apply the above to get the theory Th^ and then apply 
the transformation to get an interdehnable non-redundant theory. This will 
result in a universal Aut(At)-theory which has quantiher elimination for A as 
well as non-redundant quantiher free types. 
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2.4. Invariant Measures. We now introduce the main objects of study in 
this paper, Aut(AI)-invariant probability measures. In this subsection G will 
be a Polish group and (o,X) will be a G-space. 

Definition 2.28. Suppose /i is a measure on X. We say /i is G-invariant if 
for all Borel sets BOX and all g & G 

An important class of invariant measures are the ergodic ones. 

Definition 2.29. Suppose fi G Vi{X). We say a Borel subset B O X is p-a. s. 
G-invariant if for every g ^ G, fi{BAg~^B) = 0. We say fi is ergodic if for 
every p-a. s. G-invariant Borel set B, either fi{B) = 0 or fi{B) = 1. 

From the model theoretic point of view one of the most important conse¬ 
quences of ergodicity is that to each ergodic Aut(AI)-invariant measure on 
we can associate a complete consistent U L)-theory. 

Definition 2.30. Suppose fi G Define the almost sure theory 

of fi to be 

Th(p) := {r G U L); /i(|r]^) = 1}. 

Lemma 2.31. For any measure fi G Pi(c5^l(A1)), Th{fi) is consistent. 

Proof. By cx-additivity of the measure fi we have Th(/i) must be closed 
under the rules of deduction of in Definition 2.19, i.e. we must have 

Th(/i) = dc(Th(/i)). However p(|(3a:) x ^ t]) = /i(0) = 0 7 ^ 1 and so Th(/i) 
is consistent. □ 

For our purposes we are most interested in the theory of a measure when 
the measure is ergodic. 

Lemma 2.32. If fi E Pi(^l(A1)) is ergodic and Aut{Ai)-invariant then 
Th{fi) is complete and consistent. 

Proof. For any sentence r G we have that |r]_^ and are 

invariant and hence /i(|T]_^) G {0,1} and /i(|“'T]_yy^) G {0,1}. Therefore one 
of T or -IT is in Th(/i) and so Th(p) is complete. 

The consistency of Th(/i) follows from Lemma 2.31. □ 

We will end this section with a simple but important criteria for when a 
function can be extended to an Ant (Ad)-invariant measure on A^L(Ad). 

Definition 2.33. For any language L let qf.„-(£) be the collection of formulas 
which are hnite conjunctions of atomic and negations of atomic formulas with 
parameters in N. 
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Lemma 2.34. Suppose /i : qf^(L_A 4 U L) ^ [0,1] is such that 

(a) For every ( G qf^(L_v(), if A4 \= rj then pi~{rj) = 1. 

(b) For every ( G qf^(Lj^ U L) and every atomic U L-formula rj with 
parameters from N, 

/^■(C) = /^"(C A r/) + /i-(C A -^p). 

Then there is a unique measure fi on ^l(M) such that 
all p G qfj^(L_A 4 U L). 

Further if yi~{({a)) = p,~(((b)) whenever a, b are in the same Aut{A4)-orbit 
then fi is Ant{Ai)-invariant. 

Proof. This follows immediately from the Caratheodory extension theorem. 

□ 


2.5. Aldous-Hoover-Kallenberg. In this section we recall the Aldous-Hoover- 
Kallenberg theorem. This theorem gives a representation for ©i^-invariant 
measures. When Ai is free, a notion we will define in Definition 3.5, we will be 
able to combine an Aut(Al)-invariant measure p with an explicit ©js^-invariant 
measure um concentrated on |ct_m] to get a ©pj-invariant measure. We will 
then use the Aldous-Hoover-Kallenberg theorem to get a representation of this 
combined measure from which we will be able to extract a representation of 

/i. 

Before we state the Aldous-Hoover-Kallenberg theorem we will want some 
notation (see for example [Kal05] Ch. 7.1). 

We call (i/a)aeN[<“l N[^‘^l-array of functions (from X to Y) if for all 
a G rfa is a function from to Y. Similarly we call (/9a)ae‘p<u,(N) 

a ^<a;(N)-array of functions (from A to K) if for all a G ^<t^(M), (3a is a 
function from to Y. 

If (Ca)ae<p<,.;(N) is a collection of functions where for each a G ip<tj(N), (a is 
a function from Z to X then we say it is a flat array from Z to X. 

Suppose T = {pa}a£Ni<‘^'i is a M^^^^l-array of functions from X to Y, A = 
(/5a)aG<p<..(N) is a ^<^(M)-array of functions from A to K and T = (Ca)aG?!<..(N) 
is a flat array from Z to A. We define 

A O T = (/3a(Ca))aG<P<„(N) 

and 

To T = (Pa(Ca))aeNl<“l- 
Note that A o T is a flat array from Z to Y. 

The following theorem is (a variant of) what is often referred to as the 
Aldous-Hoover-Kallenberg theorem. See for example [Kal05] Ch. 7.5 or [AusOS]. 
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Recall that a U[0, l]-array is a collection of uniform i.i.d. [0, l]-valued random 
variables. 

Theorem 2.35. Let S be a standard Borel space and let X = (Xa)g;gpj[<u,] he 
a collection of S-valued random variables. Then the following are equivalent 

• For all T G ©h? (^a)aGN[<“i (^T(a))aGN[<“U h 6. (^a)agN[<“i ex¬ 

changeable. 

• There exists a f/[0, l]-array (Ca)ae*p«.;(N) o, collection of measurable 
functions fn : [0,—)■ S such that 

(^a)aeNl<“l ~ (/|a| (Ca))aeNl<“l 

Notice that as all Borel spaces of the same cardinality are isomorphic, for any 
collection {Sn)nen of Borel spaces, instead of having Xa be an S'-valued random 
variable we could have allowed it to have been an S'|a|-valued random variable 
without loss of generality. In particular, by allowing Xa to take values in 
otp(Ll“l) for some language L we can assume the array collectively 

takes values in ^l. This then gives us the following equivalent formulation of 
Theorem 2.35. 

Definition 2.36. Dehne an ©j^-recipe to consist of a collection of measurable 
functions /„: [0, IjTH otpL(a;o,... ,Xn-i) (for n G N). 

If / = {fn)neuj is an ©pj-recipe then we let ./#(/): [0,pg |;Pg 
function such that 

• for all relation R G L of arity fc, 

• for all y = ^ and 

• for all a = (oq, ... , ak-i) G 

X^{f){y) h -R(«o, • • -.ak-i) if and only if R{xo,.. .,Xk-i) G f\a\{ya) 

Proposition 2.37. Suppose pi is a measure on ^l. Then the following are 
equivalent 

• p. is &fq-invariant. 

• There exists a &^-recipe f such that p is the distribution of ^{f) 
(where [0, 1 ]T<W is given the Lebesgue measure). 

Proof. Suppose S' is a standard Borel space and in- S ^ otpL(a;o, ... ,Xn-i) 
is a Borel bijection. We can therefore hnd an S'-valued array such 

that (z|a|(Xa))jjgpj[«.;] has the same distribution as p. The result then follows 
from Theorem 2.35. □ 

Also often considered part of the Aldous-Hoover-Kallenberg theorem is a 
characterization of when two exchangeable arrays have the same distribution. 
First though we need a dehnition. 
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Definition 2.38. Suppose g\ [0,1]'^*^"'^ —)■ [0,1]. We say g preserves A in 
the highest order arguments if for each fhe map 

X{ 0 ,...,n- 1 } 5'((3^a)ae‘P(n)) preseives A. 

Theorem 2.39 ([Kal05] Thm. 7.28). SupposeJ^ = (/°)neN o,nd = {f^)n£N 
are &^-recipes and T = (Ca)aGq 3 <„(N) is a U[0, l]-array. Then the following are 
equivalent 

• (/|S|(Ca))aeN[<“l = (/|s|(Ca))aeN[<“l ■ 

• For each n G N there are functions g^ygh- [0,1]*^*^"^ [0,1] which 

preserve A in the highest order arguments and are such that 

(/N(5'|^|(Ca)))aGN[<“l = (/|!i| (5'|s| (Ca) ) )aeN[<“l S'. S. 

2.6. Existence of ©j^-Invariant Measure. The following is an important 
component for our classihcation in Proposition 4.5 of those structures W for 
which there is an Aut(A4)-invariant measure concentrated on 

Theorem 2.40 ([AFP] Thm. 1.1). Suppose Ai is a h-structure. Then the 
following are equivalent 

• Ai has trivial del. 

• There is an &fi-invariant measure fiM on e5^L concentrated on |cr>i]. 

3. Canonical Structures 

In this section we introduce an abstract notion of a canonical structure and 
we show that it corresponds, up to relabeling of the language, with being the 
canonical structure of a closed subgroup of ©m- We will also talk about the 
relationships between different canonical structures. 

3.1. Canonical Structures. 

Definition 3.1. We say a structure Ai is canonical (for a language if 

• Af is ultrahomogeneous, 

• Af is non-redundant, 

• for all n G N and all n-tuples a G Af with distinct entries there is a 
unique n-ary relation R G such that A4 |= R(a). 

Lemma 3.2. The following are equivalent for an hj^-structure Ad 

• M is canonical, 

• There is a relabeling i: Lj^ —)■ LAut(Ai) such that for any relation R G 
L_a 4 and tuple n G N, Af |= R{n) if and only */AfAut{Ai) 1= *(-R)(^); 
so Ad and Af Aut(Ai) ore the same structure up to a relabeling of the 
language. 
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Proof. It is clear that for any group G, A4g is canonical. In the other 
direction if M is canonical, then for any relation i? G L and any tuple b such 
that Ai 1= R(b), we have {a: {3g G Aut(A^)) 5 fa = b} = {a:Ai |= R{a)} (as 
there is a unique relation holding of any tuple with distinct elements). □ 


We will use 

R{Xo, . . . , Xn-l)\{xiQ,...,Xi^_.^) = P 

as shorthand for the statement 

(Vxo,.. .,Xn-i) [i?(a;o, • • -^Xn-i) P{xio, ■ ■. 

If Ad is a canonical L-structure, whenever 

M h (3X0, • • • ,Xn-l) [R{Xo, . . . ,Xn-l) A P{Xi^, . . • , J] 
we also have 

Ai \= R{Xo, . . . , Xn-l)\{xi^,...,Xii^_.^) = P 

and hence for all R{xo ,..., Xn-i) and (io, • • •, R-i) G n there is a unique P G L 
such that Ai \= R{xo ,..., = P. We call P the restriction 

of P(xo,.. .,Xn-l) to (Xio, ... ,X 4 _J. 

We have a natural notion of when one canonical structure is contained in 
another. 

Definition 3.3. If Ai is an ultrahomogeneous L-structure let Age(Ad) be the 
class of all hnite L-structures isomorphic to a substructure of Ai. 

Definition 3.4. Suppose Ado, Adi are canonical structures in languages Lq, Li 
respectively. We say Ado Pcan Adi if 

(i) Lo P Li. 

(ii) For all Ao G Age(Ado) there is an Ai G Age(Adi) such that Ao = Ai|lq. 

Note that because our structures are canonical the Ai in condition (ii) is 
unique and is trivial on Li \ Lq (i.e. Ai |= (Va;)-'P(x) for any P G Li \ Lo). 

An important fact about canonical structures is that if Ado Pcan Adi then 
every measure on ^L^^(Adi) restricts to a measure on A^lj^^(Aio) (where 
Lmo,^Mi are the languages of Ado, Adi respectively). Specihcally, suppose 
Ado Pcan Adi and /i G (-^i)- ^et Hq the map such that whenever 

• p G L^o, 

• Ado 1= p(no,... ,nfc_i), 

• Adi 1= p(mo,..., ruk-i), and 

• p G qf,r(L) with parameters contained in {no,..., rik-i} 

then /io(h(^o, • • • ,iifc-i)) = /i(h("io, • • • ,mfc_i)). 

Note that as p is Ant (Adi) invariant, the value of po is independent of the 
specihc choice of (mo,..., m^-i), so long as the tuple satishes p. 
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By Lemma 2.34 there is then a unique Aut(A4o)-invariant measure extend¬ 
ing /io, which we call the restriction of fi to M.q and denote iJi\Mo- 

3.2. Free Structures. For our purposes we will be interested in a very specihc 
type of canonical structure. 

Definition 3.5. Suppose A4 is a canonical structure. For n G M let x := 
{x1)k&n+i be a sequence of distinct variables and for < n -|- 1 let := 

(Tfc)fcg(n+l)\{i} nnd Xj^ j . (^Xk) k£{n+l)\{i,j} ■ 

We say a collection {Ri{xi))i^n+i of n-ary relations is compatible with A4 
if A4 1= = Rj{'^)\xij for all i,j G n. We say R* is an extension of 

{Ri{xi))i<n+i if for all i e n + 1, M \= R*{{xDkGn+i)\x!i = Ri- 
We say that Ai is free if all compatible collections have an extension. 

If Ai is not canonical, we say Ai is free if AiAut(Ai) is free. A free structure 
can be thought of as a structure where any way of amalgamating types is 
consistent so long as it is locally consistent. 

Example 3.6. The quintessential example of a free structure is the Rado graph, 
3^. The canonical structure AiAut(sg) is the structure where 

• there are two binary relations, E, the edges, and E*, the non-edges, 
which are disjoint, 

• for every hnite graph G there is a relation Rg which holds exactly when 
the parameters form a graph isomorphic to G. 

We also have the following example of a canonical structure which is not 
free. 

Example 3.7. Let be the triangle free random graph. The canonical struc¬ 
ture of is the structure where 

• there are two binary relations, F, the edges, and F*, the non-edges, 
which are disjoint, 

• for every hnite triangle free graph G there is a relation Rg which holds 
exactly when the parameters form a graph isomorphic to G. 

This structure is not free as {i7(a;o, xi), F'(xi, X 2 ), F'(x 2 , tq)} is a compatible 
collection which is not the restriction of any relation in the canonical structure 
of . This is a quintessential example of how a canonical structure can fail 
to be free. 

Even though not all canonical structures are free, every canonical structure 
is contained in a free canonical structure. Further we can End a minimal such 
free extension. 

Lemma 3.8. Suppose Ai is a canonical Lj^-structure. Then there is a canon¬ 
ical structure d{Ai) such that 
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• di-M) is free, 

• M <^can and 

• whenever M ^can M and M is free then 5^(A^) ^can A/”. 

We eall ^{Ai) the free completion of Ai. 

Proof. We define the age of 5(Ad), Age(5(Ad)), as well as the language of 
5(Ad), Lj(_m), by induction on the arity of the relations. Note we will have 
Lai C Lg^(Ai). 

Let ~ be. both languages have the same unary relations. In par¬ 

ticular this implies {A: A E Age(Ad) and |A| = 1} = {A|l^ : A E Age(5'(Ad)) 
and |A| = 1}. Let Ti be the empty theory. 

Suppose we have dehned as well as all structures in Age(5(Ad)) of 

size at most n. Further suppose Tn is the theory which consists of all axioms 
of the form R{x)\y = P, for R,Pe which are realized in all elements 

of Age(5'(Ad)) of size at most n. 

Let W+i be the set of compatible collections of size n + 1 which are not 
realized in Ai. Let L^^^ = L^^ U {P-^'. R E W+i} where each Pji is an 
(n -|- l)-ary relation not in L^^. Let Tn+i contain 

• Tn. 

• R{x)\y = P for all R E and P E Ljf such that Ai \= R{x)\y = P- 

• For R= {Ri{xi))i(zn+i e Yn+i 

~ P'Ria^)\xi = Pi- 

- P-]i{x)\y = P when i E n + 1, y Cx^ and [Ri{xi)\y = P] E Tn. 

Let Age(5'(Ad)) be the collection of hnite L 5 (A()-structures A such that 

• A \= UneN 

• For every tuple a G A of distinct elements there is a unique relation 
P ^ L5(a)) such that A \= R{a). 

Claim 3.9. Age(5^(Ad)) has the hereditary property (HP), the joint embedding 
property (JEP), and the strong amalgamation property (SAP). 

Proof. It is immediate that Age(5^(Ad)) has the HP and JEP. We now show 
it has the SAP. 

Suppose X,Y E Age(5'(AJ)). We need to show there is an element Z E 
Age(i^(AJ)) with underlying set X UY which agrees with X, Y. 

We will dehne the structure by induction on the arity of the relations. 

Arity 1: 

The 1-ary structure of Z is completely determined by the 1-ary structures of X 
and Y. Further note that any pair of elements has compatible 1-ary structure. 

Arity n + 1-. 
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Suppose we have determined the structure of all n-tuples of Z in a way that is 
compatible with X and Y and such that any {n + l)-collection is compatible. 

The structure of X and Y determines some of (n + l)-ary relations which 
must hold of Z. Choose extensions for the others arbitrarily among those 
compatible with the n-ary structure (note by the construction of Age(5^(A^)) 
we can always hnd at least one such extension). This completely determines 
the n + 1-ary structure of Z in a way that is compatible with the (n -|- 1)- 
ary structure on X and on Y. Further, any (n -|- 2)-ary tuple has compatible 
(n -|- l)-ary structure, and so the induction can continue. 

At arity jZj we have determined all of the structure of Z (as all atomic 
formulas are non-redundant). □ 

All that is left is to show that 5(AT) is minimal among free structures 
containing M. Let j: Ijm —t ^^(m) be the injection we get from the fact that 
M d{M). 

Suppose Ai Y^an Af with Af free with the corresponding injection i: Lm —t 
L^y. We will dehne our injection i: W by induction. 

First, as L)^ = we let i{U) = j{U) for all U e 

Suppose i has been dehned for all relations of arity at most n and let R be 
a relation of arity n -|- 1. If i? G Lj ^4 let i(R) = j(R). 

If R G Lg(j^ 4 )\Ljii and let {Rk)kei be the collection of restrictions of R. Note 
by construction {i{Rk))kei is compatible with Af and so we can let i{R) be any 
extension of {i{Rk))k£i, which we know must exist as Af is free. Also note that 
as there is only one extension of {Rk)k£i, i is injective and the specihc choice 
of i{R) doesn’t matter so long as it is compatible with {i{Rk))kei- D 


Lemma 3.10. If AA is free then AA has trivial del. 

Proof. By [Hod93] Thm. 7.1.8, an ultrahomogeneous structure AA in a rela¬ 
tional language has trivial del if and only if Age (AT) has strong amalgamation. 
But as AT is free we must have AT = 3’(AT) and by Claim 3.9 5^(AT) has strong 
amalgamation. □ 

An important property of free canonical structures is that each comes with 
a natural ©^-invariant measure concentrated on its isomorphism class. 

Definition 3.11. Suppose AT is a free canonical structure with a chosen or¬ 
dering on for each n G N. We dehne a uniform representation on AT 
to be a ©pj-recipe of the following form. 


Arity 1: 
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Let : [0,1]^ —)■ ntprpj^(-_^)(a;o) where c^{y,z) is the type containing 7 l^( 2 :). 
Note the first coordinate is not used. This is because the measure we are 
dehning is ergo die. 

Note that as Ai has trivial del, for any unary relation U there are inhnitely 
many elements of Ai which satisfy U. Therefore = A^|li a- s. 

Arity n + 1: 

Assume that ^((cf)*<n)=-M|L<» a.s. 

For any collection R = {Ri(xi))i<n compatible with Ai let be the col¬ 
lection of extensions of i? in Ad and assume has the order induced by that 
of the language. Note X-^^ is non-empty as Ai is free. 

Givenx := {c^)ie^(n+i) let Tj := (a;i)iefp(„+i\p}). Also let := {c^(xi))i^n+i- 
By induction R^ is a. s. a compatible collection (as ^((cf^)i<n) — Let 

Yn+iiA) = i-e- the collection of extensions of Let c^i{x) = 'yY„+i(x)- 
As Ai has trivial del it is easy to check that = Ai\ L<n +1 a. s. 

We let c-^ := {c{^)neN and call it the Erdos-Renyi random Ad-structure 
in honor of the Erdos-Renyi random graph. 

The random structure ^(c^) can be thought of as hrst assigning to each 
element of N a unary relation in an i.i.d. manner. Then assigning a binary 
relation to every pair of elements in a manner which is i.i.d. conditioned on 
the unary types that were previously assigned. Then assigning to each triple 
a ternary relation in a manner which is i.i.d. conditioned on the binary types 
that were dehned, etc. 

Lemma 3.12. The distribution of concentrates on 

Proof. First the quantiher free types realized by are the same as those 

realized in Ad almost surely. Let /i be the distribution of 

Suppose Ad 1= P{x,y)\x = R. By a back and forth argument it suffices to 
show that satisfies (\/x)R(x) —)■ (3y)P(x,y) a.s. or equivalently that 

M[(VT)R(a;) ^ (3|/)P(a;,|/)l) = 1. 

But as fi is countably additive and ©pj-invariant it therefore suffices to show 
/i(|P(0,..., /c — 1) —)■ (3|/)P(0,..., /c — 1, y)]) = 1 where ar(P) = k. 

Once again using countable additivity and ©^-invariance it suffices to show 
/i(|P(0,..., /c — 1) A P(0,..., /c — 1, /c)]) > 0. But by construction we know 
that /i(|P(0,..., /c — 1, /c) —)■ P(0, ... ,k ~ 1)1) = 1 and therefore we have that 
/i(|P(0,..., /c — 1, /c)]) >0 and so we are done. □ 

The representations c'^ will play an important role in showing that all 
Aut(Ad)-invariant measures, for Ad free, are representable. First though we 
will need a little more notation. 



Aut(7M)-INVARIANT MEASURES 


21 


Definition 3.13. 

Arity 1: For each U{xo) G otpL^(a:o) let = (cf^)“^(t/(a;o)). As Su is the 
product of [0,1] with an interval, let as- [0,1] x [0,1] —)■ Ac/ be a homeo- 
morphism which doesn’t depend on the hrst argument such that for every set 
X C Su, KX)/X{Su) = X{as\X)). 

Now suppose p = AiGn Ui{xi) is an element of otpLi (xq, ■ ■ ■, Xn-i). We let 
~ riiGn ^ [0,1] X [0,1]” and we let Op: [0,1] x [0,1]" Sp be the map 
where ap{y, {xi)i<n) = {aui{y,xi))i<n- 

Arity n + 1: 

Assume for all p G otp. <n(a:o, • • •, Xn-i) we have dehned 

Xi 

Sp := {x G ^<n(A;): {3y)^{c-^){x,y) |= p(0,... - 1)} 

and that Op: [0, l]'?^"!^) —)■ Sp is a bijection. 

Let p G otpj^^n+i(xo,... ,Xn) and let p~ be the restriction of p to the col¬ 
lection of types in otp. <„(a:o,... ,x„). Let Sp = {c-^-^)~^{p{x)). Then because 

Ad 

of how was dehned we know that Sp = Sp- x I where / is a subinterval 
of [0,1]. Let i: [0,1] —?■ / be an isomorphism such that for every set X C J, 
A(X)/A(/) = A(rAX)). Let Op = Op- x i. 

We then extend the dehnition of Sp and the dehnition of Op to the case 
where p G otp. <n+i(To, • • •, Xk-i) and k > n + 1 in the obvious way. 

Ad 

Note that for each p G qtp(Al) the following holds 

• If X C Ap then A(X)/A(Ap) = A(a;A^))- 

• For any uq < nii is the restriction of p to L^° then Sp = Sg x Ip g 
where Ip^g is the product of intervals. Further ap restricts to ag on Sg. 

4. Merging of Measures 

One of the most important observations of this paper is that if Aut(Al) C 
Aut(A/') then for every Aut(A/')-invariant measure concentrated on |ct_a 4 ]_^ and 
every Aut(Al)-invariant measure we can combine them in a unique way to get 
an Aut(A/')-invariant measure which agrees with both. Further every Aut(A/')- 
invariant measure concentrated on |(J/h] is of this form. 

In particular, when A4. and XA* * are structures (not necessarily in the same 
language) with underlying set M, and where XA. has trivial del, we will be 
able reduce the question of “when is there an Aut(Al)-invariant measure on 
(■^) which concentrates on ct/k*?” to the question of “when is there 
an ©pj-invariant measure which concentrates on XA. U Al*?”, a question which 
has been completely answered by Ackerman, Freer and Patel in [AFP]. 
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Further we will be able to use this method of combining measures to show 
that when M is free every Aut(A^)-invariant measure can be combined with 
the distribution of the Erdos-Renyi random Ad-structure to get a ©i^-invariant 
measure from whose representation we can extract a representation for the 
Aut(Ad)-invariant measure we started with. 

Suppose 

• M and Af are canonical structures with underlying set N and Ant (M ) C 
Aut(AA). 

• I'M is an Aut(AA)-invariant measure on (Af) which is concentrated 
on 

• /i is an Aut(Ad)-invariant measure on ^l(A4). 

Let B(Ad, L) be the collection of sets which are of the form 
lp{no, ..., Uk-i) A ..., J] 

where 

• pe L^, and 

• e qf^(L). 

Suppose 

• lp{no,.. .,nk-i) A (p(nio,.. • G B(Ad,L), 

• Ad h P(^o, ■ ■ ■,rk-i), 

• Af \= q{no ,..., Uk-i) where Ad |= (\/x) p(x) q(x). 

Let 

pffliz/^([[p(no, • • • ,nfc_i) A := 

Proposition 4.1. p ffli um extends uniquely to a Ant {Af)-invariant measure, 
/i ffl I'M, on that 

(i) /i ffl iOM{lp{n)lM) = for all pELm and n E N. 

(ii) /i ffl = Ailvin)jM) vin) E qf^(L) and ueN. 

Proof. Clearly any extension of p ffli um to a Aut(A/')-invariant measure will 
satisfy (i) and (ii) and each Aut(A/')-invariant measure satisfying (i) and (ii) 
extends p ffli vm- It therefore suffices to show that there is a unique such 
extension. We will do this by showing that there is a unique extension to a 
map on qfj^(L_^^UL_A 4 UL) which satishes the conditions of Lemma 2.34. 

Suppose p E qf^(L_yyUL;K UL). Then = CoACi AC 2 for some Co ^ qf 7 r(LAi), 
Cl e qf^(L) and C 2 e qf^(LAr). 

If AC 1= C 2 let pffl“z/_A 4 (p) = i^A^(Co ACi)- Otherwise let /iffl“i/x(r 7 ) = 0. 
In particular this implies that pS~ pm satishes Lemma 2.34 condition (a) and 
condition (b) for atomic formulas from L^. 
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Now assume M \= C, 2 - Let a be the union of the parameters from U Co 
and let q = R(a) where R G is the unique relation which holds of a (under 
some fixed ordering). Let := {P G Lm- M. \= (3x)P(x) A R(x) A Co(^), 

where y sits in x as the parameters of Co sit in a}. If is empty then let 
/i ffl“ i^Miv) = 0- 

If X^o ^ 0 then let p ffl” um{v) = umUp^ CiW)- 

Note that 

umUpAC iiu) = Y -/^([Cii 

but as {|p]: p G X^q} are disjoint this sum equals 






V p 




M) 


il M/ 


In particular this implies the range of y ffl“ vm is a subset of [0,1]. 

We now must show Lemma 2.34 condition (b) is satished for atomic formulas 
from Ijm U L. 

Suppose R G L_a 4 . For p G X^^, if M. |= p{x)\y = R and b sits in a as y sits 
in X then 

/i ffl" UMiipia) A R(b)) A Cl) = p ffl” i^M(p(a) A Ci) 
and p i/_A 4 ((p(a) A -ii?(6)) A Ci) = 0. Similarly if A4 |= p{x)\y ^ R then 
z/_A/(((p(a) A-ii?(6)) ACi) = /iffl” z^M(p(a) ACi) and z/_A/(((p(a) Ai?(6)) A 

Cl) = 0. 

Therefore 

/i ffl" z/;^(Co A Cl) = ^ /i ffl" A Cl) 

/ \ / 


Y i^Ai(pACi) 


P^Wo 

\p{x)\y=R(y) 




Y i^Ai(pACi) 


P^^Co 
\p{x)\yj^R{y) 


= /iffl i^7vi((Co A i?(6)) A Cl) + P ffl z/7n((Co A-'i?(6)) A Cl) 

Now suppose /5 G qf^(L). We have 


/iffl i^m(Co A (Cl A/ 3 )) = 


V p 

peWo 


/^([Ci A/ 3 ]) 
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and so if (3 is an atomic formnla 

/iffl" z/;k(Co a Cl) = /Wffl" A (Cl A/3)) +/iffl z/;k(p A (Cl A -./3)). 

We therefore have, by Lemma 2.34, that there is a nniqne measnre, fi ffl uj^, 
extending /i Fnrther, as /i um is Ant(A4)-invariant so is ffl I'm- 

Finally it is also immediate that is the nniqne extension of /iffli 

which preserves additivity of the measnre and hence satishes the conditions of 
Lemma 2.34. □ 

It tnrns ont that /i ffl i/_A 4 (|i 7 (n)]_^) has a particnlarly nice description when¬ 
ever T] G £a;i,a;(LA 4 U L^T U L). For 7] G U L^T U L), n G N, 

q G qtp(AC) with W |= g(n) and p G qtp(Wl) with M \= {Vx)p{x) —)■ q{x) 
dehne = /4([i/(n*)]^) where M h P(n*). 

Proposition 4.2. We have 

p ffl z/^(|r/(n)]) = i^A4(b(^)l) ■ h^([h(«)lAr) 

pGqtp(Al) 

A4|=(Vx)p(x)—>-q(5:) 

Proof. Let A be a fragment containing p. As Th^ is interdehnable with the 
empty theory in L_a4 there is a nniqne measnre pA which agrees with /x on L 
and a nniqne measnre which agrees with on LUL_a4. But then pA^Su^i 

agrees with p ffl on L U L_a4 and hence it must be that measure. But the 
proposition holds for pA H ^-s p is equivalent to a quantiher free formula. 
Therefore the proposition must also hold of /i ffl um- D 

We have now shown how we can uniquely recover an Aut(A/')-invariant mea¬ 
sure from an Ant (AC)-invariant measure concentrated on along with 

an Aut(A4)-invariant measure. We next show that every Aut(A/')-invariant 
measure concentrated on Icrxwljy must have such a (necessarily unique) de¬ 
composition. 

Proposition 4.3. Suppose p is an Aut{Af)-invariant measure on ^ 
concentrated on There exists unique measures p^ and such that 

• p^ is an Aut{A4)-invariant measure on 

• is an Anti^hf)-invariant measure on ^Lm concentrated on 

• p = p^mul^. 

Proof. First notice that if p"^ and exist they must agree with p on their 
respective domains and hence are uniquely determined by p. 

By Lemma 2.34 to dehne p'^ it suffices to dehne it on qf.„.(L_A 4 U L). In 
particular suppose Co £ qf 7 r(LAi) and Ci ^ qf 7 r(L). We let /4^(|Co A Ci]_m) = 
h([Co —^ CiIat) if A4 1= Co and 0 otherwise. It is then easily checked that the 
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conditions of Lemma 2.34 are satisfied so that this partial dehnition of 
extends uniquely to an Aut(A^)-invariant measure. 

Similarly by Lemma 2.34 to dehne vm h suffices to define it on qf.^(LjyUL;vi)- 
In particular suppose Co ^ ^-nd Ci G qf^(L_A/). We let ^I.([CoACiU = 

hdColAr) if H Cl and 0 otherwise. It is then easily checked that the condi¬ 
tions of Lemma 2.34 are satisfied so that this partial definition of extends 
uniquely to an Aut(A/')-invariant measure. 

But we have that rj and /i ffl um agree on the domains of /i and um and so 
by Proposition 4.1 we have // = p ffl uj^. □ 

Putting these pieces together we will obtain several key results. 

4.1. Consequences. The following is an immediate consequence of Proposi¬ 
tion 4.1. 

Proposition 4.4. Suppose Aut(A4) C Aut(7\/'), um is an Ant (AC) invariant 
measure concentrated on |cr_A 4 ]_;\/ and /i is an Aut{Ai)-invariant measure /i on 
Then Th{p) = r/i(p ffl U L). 

Proof. For r a sentence in U L) let t^{x) := t A {x = x) be a unary 

formula. Note r G Th(/9) for any measure if and only if /d(|T^(0)]) = 1. 

By Proposition 4.2 we have 

/iffli/^(|r=(0)]) = ^ i^Ai(b(0)l) ■h^([^"(0)l^) 

pGqtp(AI) 

M\=(yx)p{x)^q(x) 

N^q(0) 

but 

i^Ai(b(0)l) = 1 

pGqtp(Al) 

M\=(y x)p(x)^q{x) 

AtH(O) 

by construction and so 

h ffl i^M([^"(0)l) = 1 ^ /\ [h^([^"(0)l^) = 1] 

pGqtp(AI) 

M\=A/x)p{x)^q{x) 

AtNAo) 

Hence r G Th(p) if and only if r G Th(/i ffl I'm)- D 

In particular we have the following easy corollary of Theorem 2.40 and 
Proposition 4.4. 

Proposition 4.5. Suppose M has trivial del with L_yy C L_a 4 and M.\m = AC. 
Then the following are equivalent 
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(a) M has trivial del 

(b) There is an Aut(Af)-invariant measure on which concentrates 

on the isomorphism class of Ai. 

Proof. Suppose (a) holds. Then there is a ©is}-invariant measure (3 concen¬ 
trated on |cTx]. Further, by Proposition 4.3 there is therefore an Aut(A/')- 
invariant measure fv such that /3 = p ffl for some ©is}-invariant measure uj^f. 
But by Proposition 4.4 we have Th(/9) = Th(/i) and so p. must concentrate on 
and so (b) holds. 

Now suppose (b) holds and p is an Aut(A/')-invariant measure concentrated 
on Then as Af has trivial del by Theorem 2.40 there is a ©^-invariant 

measure concentrated on |a'_A/]. But by Proposition 4.1 p ffl lyy is a ©n- 
invariant measure and by Proposition 4.4 p ffl concentrates on |o'_a 4 ]. But 
then by Theorem 2.40 we know Ai has trivial del and (a) holds. □ 

Theorem 2.40 can be thought of as saying that a structure AA with underly¬ 
ing sets M can be constructed in a random manner without making use of the 
implicit ordering on N if and only if Ai has trivial del. Proposition 4.5 can be 
seen to say that even if we give the random construction access to a structure 
Af on N, provided Af has trivial del, no new structures Ai can be randomly 
constructed in this way. 


5. Representations 

In this section we hnally show that an Aut(Ad)-invariant measure has a 
representation if and only if it is the restriction of an Aut(5^(Ad))-measure. 

5.1. Aut(Ad)-Recipes. We now introduce Aut(Ad)-recipes, which are the di¬ 
rect generalizations of ©N-recipes in Dehnition 2.36. In the following dehnition 
we assume Ai is canonical. 

Definition 5.1. An Aut(A4)-recipe on L is a collection of measurable func¬ 
tions 7 = (/p)pgqtp(A^) where fp-. [0,1]'P(”) otpLn(a:o,... ,x„_i) when ar(p) = 

n. 

If 7 = (/p)pGntp(M) is an Aut(Al)-recipe let Jf{f)-. [0,1]'P<“W 
be a function such that 

• for any relation R G L of arity k, 

•y = (lA)6e<p<.(N) e 

• and a = (oq, ..., Ok-i) G with Ai |= Pa(a) for pa G qtp(Al). 

U)iy) h -R(«o, ■ ■ ■, dk-i) if and only if R{xo ,..., Xk-i) G fp^{ya) 
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An Aut(A^)-recipe is similar to a ©jsj-recipe except in the construction of 
the random structure we are allowed use the type of the elements in Ad. In 
particular every Aut(Ad)-recipe gives rise to an Aut(Ad)-invariant measure. 

Lemma 5.2. Suppose f = {fp)p£qtp{M) is an Ant (Ad)-recipe. If p,j is the 
distribution of ^{f) with respect to A on [0, then pj is Aut(Ad)- 
invariant. 

Proof. This follows from the fact that if a, 6 G Ad with a and b satisfy¬ 
ing the same quantiher free type, p, and C G qf 7 r(L) then Aij(|C(®)l 7 V() = 

A(y(CW))=A‘7(K®l«)- ° 

We will be interested in distributions of Aut(Ad)-recipes. 

Definition 5.3. We say an Aut(Ad)-invariant measure /i is representable 
if there is an Aut(Ad)-recipe / such that p = pj. In this case we say / is a 

representation of p. 

Now an important fact is the following. 

Proposition 5.4. Suppose f is an Ant (Ado)-recipe on L and Ado ^can Adi. 
Then there is an Ant (Adi)-recipe ongonL such that Qp = fp whenever p G 
qtp(Ado). 

Proof. For p G qtp(Adi), if p G qtp(Ado) let Qp = fp. Otherwise let Pp be 
the constant function which takes the value of the trivial type, i.e. the type 
{^R{x): □ 

In particular Lemma 3.8 and Proposition 5.4 imply that any representable 
measure is the restriction of a measure which is invariant under Ant (Ad) where 
Ad is free. We will next see that the converse holds as well and every measure 
which is Aut(Ad)-invariant for Ad free has a representation. 

5.2. Representability and Free Structures. We now show that whenever 
Ad is free, every Aut(Ad)-invariant measure is representable. 

Proposition 5.5. Suppose Ad is free and /i is an A\it{Ai)-invariant measure. 
Then fi is representable. 

Proof. Recall from Dehnition 3.11 is a ©^-recipe such that ^(c-^) is 
concentrated on |ct;k]. Call its distribution um- Also recall the dehnitions of 
Sp and Op (for p G qtp(Ad)) from Dehnition 3.13. 

By Proposition 4.1 we know that /i ffl um is a ©pj-invariant measure. 

Now by construction, for every p G qtp(Ad), Op is a bijection from [0, llTlarh)) 
to Sp. Therefore if we can hnd a representation e of p ffl um which agrees with 
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then / := (e^ o ap)p^qt^(M) is an Aut(A^)-recipe which is a representation 
of /i. 

As /r ffl vm is ©N-invariant we know that there is a ©^-recipe 'g which 
represents it. Let 'g* be the restriction of 'g to the language As /i ffl vm 
restricted to has the same distribution as vm we have that ^{g*) has the 
same distribution as i.e. I'm- So, by Theorem 2.39, there are maps 

h^, [0,1]T{’^) [0,1] such that 

• /if preserve A in the highest order arguments, and 

• o hZ = g* ° a. s. 

But, by Theorem 2.39 {gn o hV)neN is also a representation of /i ffl um. We 
can therefore assume without loss of generality that gn = o /if a. s. 

Claim 5.6. There is a representation e = {en)n£N of which agrees with 

c^. 

Proof. We dehne e„ by induction. 

Arity 1: 

For each U G qtp(Ad) of arity 1 let Pu = By construction of vm 

we know that \Pu\ = 2^ and that Pu is Borel with X{Pu) = X{Su). So there 
is a measure preserving isomorphism (3u'. Su ^ Pu- Let ei \ Su ^ ntpL(a;o) 
be such that ei(a) = gio (3u{a) whenever a G Su- Clearly .y^{gi) and .^(ci) 
have the same distribution. 

Arity n + 1: 

Assume we have dehned and for each p G ntpL<n(ico, ■ ■ ■ ^Xax{p)-i) we have 
dehned Pp = (/if)“^(S'p) . Further suppose we have dehne a measure preserving 
bijection (3p\ Sp ^ Pp such that Cn = gn° f3p on Sp. 

Now suppose p G ntpr ^+i (xq, ..., x^+i) and p~ is the restriction of p to n-ary 

A4 

types. Let Xp- = {p* G qtp(AT): p* restricts to p~}. 

Suppose X G [ 0 , y ^ [0,1]. As ( 7 „+i(x, ?/) fl L_yv( = 

o (/;,f_^j^)(T, ?/) we must have 

{x,y)e IJ if,* ^ (/if+i)(x,|/) G IJ Sp 

P*6Ap- p*GAp_ 

^ (^)(x) G V 
^xePp-. 

Therefore Up*eAp_ ^p* = ^p- ^ [0> !]• 
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But we also have that a. s. for all x G Pp- and all p G Xp- that A({|/: {x, y) G 
Pp}) = A({|/: = p}) and hence does not depend on x. For each p G 

Xp- there is therefore a measure preserving isomorphism ip : Pp- x{y: jx - {u) = 

p} —^ Pp- 

But we know by induction that there is a measure preserving isomorphism 
/3p: Sp- Pp- such that ear(p-) = 5'ar(p-) o /3p-. So if we let I3p = Pp- x ip 
then Pp is a measure preserving isomorphism from Sp to Pp. We then let 
en+i{x) = Pn+i o Ppix) whenever x G Sp. 

It is then immediate that e agrees with c-^ and we are done. □ 

This concludes the proof. □ 


Theorem 5.7. The following are equivalent for an Ant{Xi)-invariant measure 

fi. 

(a) /i is representable. 

(b) There is an Aut{'^{Ai))-invariant measure such that p = ^{p)\m- 

Proof. This follows immediately from Proposition 5.4 and Proposition 5.5. 

□ 

Condition (b) from Theorem 5.7 can be thought of as being an amalgamation 
condition on the measure, i.e. it says that any locally consistent properties 
of the measure can be amalgamated into a measure where they are globally 
consistent. 
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